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Abstract. Total and differential cross sections for high energy and small momentum transfer elastic hadron-
hadron scattering are studied in QCD using a functional integral approach. The hadronic amplitudes are
governed by vacuum expectation values of lightlike Wegner-Wilson loops, for which a matrix cumulant
expansion is derived. The cumulants are evaluated within the framework of the Minkowskian version of
the model of the stochastic vacuum. Using the second cumulant, we calculate elastic differential cross
sections for hadron-hadron scattering. The agreement with experimental data is good.

1 Introduction

In this article we will discuss elastic scattering of hadrons
at high centre of mass energy /s (v/s 2 20 GeV) and low
momentum transfer squared t(say [t|<SO(1GeV?)). Be-
cause of the small momentum transfer, such reactions are
governed by soft, nonperturbative interactions. Experi-
mental data show a rise for the total cross sections of
all hadronic reactions [1] with increasing centre of mass
(c.m.) energy, starting at about /s = 10 GeV. Donnachie
and Landshoff (DL) showed [2] that this rise can be de-
scribed phenomenologically in terms of Regge theory [3]
by pomeron exchange. The DL pomeron couples like a
C = +1 “photon” to single quarks in the hadrons. The
transition from the quark to the hadron level leads then
to the additive quark rule [4]. Donnachie and Landshoff
fitted the rise of all hadronic cross sections with one small
power of s, indicating that there is a universal mecha-
nism which governs this kind of reactions. There is also a
lot of data available for elastic differential cross sections
at different c.m. energies, mainly for pp and pp scatter-
ing [5-7], but also for 7p and Kp scattering [8]. Surely
the mechanism which governs the elastic amplitude in the
forward direction should also control the elastic differen-
tial cross section (do/dt) for sufficiently small |¢|. Indeed,
pomeron exchange is also able to describe do/dt [9]. There
are many other proposals and methods to describe such
hadronic reactions, from perturbative field theoretic calcu-
lations [10], topological expansions and strings [11], valons
[12], the work of Cheng and Wu on high energy behaviour
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in field theories based on perturbation theory [13], to “ge-
ometrical” models, which invoke global phenomenological
properties of hadrons like their “blackness” [14]. For a re-
view of “pomeron physics” we refer to [15].

A new effort towards a microscopic description of high
energy soft hadronic reactions was made in [16]. In an
abelian gluon model the pomeron properties were related
to nonperturbative properties of the vacuum like the gluon
condensate [17] and a “vacuum correlation length” a [18].
In [19] these ideas were generalised for QCD. It was shown
there that the amplitude for qg-scattering at high ener-
gies is governed by the correlation function of two lightlike
Wegner-Wilson lines. Using this formalism a description of
hadron-hadron scattering was developed in [20,21] where
the hadronic amplitudes are calculated from correlation
functions of lightlike Wegner-Wilson loops. These correla-
tion functions are evaluated in the model of the stochastic
vacuum [22], applied in Minkowski space after an ana-
lytic continuation from Euklidean space. There are by now
many other applications of this technique, for example in
the description of exclusive vector meson production [23].
Related techniques have been used in [24] for dealing with
hard diffractive processes in deep inelastic lepton-nucleon
scattering observed at HERA [25].

The goal of our paper is, to use and further develop
the description of high energy diffractive hadron scatter-
ing given in [19, 21, 26, 27, 28]. In Sect. 2 we collect the
formulae for the hadronic scattering amplitudes as derived
there. We begin Sect. 3 with a summary of the model of
the stochastic vacuum (MSV) in its Minkowski version.
In the second part of Sect. 3 we calculate the correlation
function of two Wegner-Wilson loops, the main ingredient
of the meson-meson scattering amplitude, using a matrix
cumulant expansion and the MSV. A question of interest
is whether or not the constituents of the baryons prefer



460

Ur

Fig. 1. The light-like Wegner-Wilson cut loops in Minkowski
space time, C't, consisting of two light like lines in the hyper-
planes x+ = 0 and connecting pieces at infinity. The loops are
cut open at one corner, A_ and A, respectively. In transverse
space the centres of the loops are at £br /2, the vectors from
the antiquark to the quark lines are 7 and y, respectively

quark-diquark like configurations where two quarks are
close to each other on a scale given by the proton ra-
dius. In [29,30] strong arguments for the quark-diquark
picture were given where baryons do act in a first ap-
proximation as colour dipoles in the same way as mesons.
In Sect. 4 we present our results for the pp and pp elas-
tic differential cross section do/dt treating the baryons
as such colour dipoles. In Sect. 5 we discuss meson-meson
and meson-baryon scattering considering baryons again as
colour dipoles. Treating meson-baryon and baryon-baryon
scattering for general three-quark baryon configurations
along these lines is more complicated and we defer this to
another publication. Our conclusions are drawn in Sect. 6.

2 The hadronic amplitudes

Consider elastic scattering of two hadrons hi, ho in the
c.m. system at high energies and small momentum transfer

h1 (Pl) + h2(P2) — hl(Pg) + h2(P4). (1)

Now look at this reaction with a microscope. We have to
choose an appropriate resolution in order to extract the
essential features of the reaction, but not resolve unimpor-
tant details. In [19] this resolution was estimated, based
on the uncertainty relation, with the following conclusions.
Over a time interval tg ~ 2fm around the “nominal” in-
teraction time (i) the parton state of the hadrons does
not change qualitatively, i.e. parton annihilation and pro-
duction processes can be neglected, (ii) partons travel in
essence on straight lightlike world lines and (iii) the par-
tons undergo “soft” elastic scattering governed by non-
perturbative gluon dynamics. Using this approach had-
ronic amplitudes for high energies were derived in [21,26].
The result for meson-meson scattering where mesons are

E.R. Berger, O. Nachtmann: Differential cross sections for high energy elastic hadron-hadron scattering

represented as g wave packets is
Spi =6 +i(2m)*6(Ps + Py — Py — Po)Tyy,

Ty = (—2is)/d2bTeXP(iQTbT)
X /dQ.Z‘TdeT wih () wyy(yr)

< (WY (b, er) WM (~ Lbryr) ~ 1) (2)
G

Here the assumption is made that the ¢ and ¢ share the
longitudinal momentum of the meson roughly in equal
proportions. The interpretation of (2) and the symbols
occurring there is as follows. The scattering amplitude is
obtained by first considering the scattering of quarks and
antiquarks on a fixed gluon potential and then summing
over all gluon potentials by path integration, indicated
with the brackets ( )g. Travelling through a gluon poten-
tial the quarks and antiquarks pick up non-abelian phase
factors. To ensure gauge invariance the phase factors for
q and ¢ from the same meson are joined at large posi-
tive and negative times, yielding lightlike Wegner-Wilson
loops W4 which are defined as

wt = %tr V(Cy), (3)
V(Cy) =P exp[—ig dat GZ(m)g] (4)
Ct

Here V(C4) are non-abelian phase factors (connectors)
along cut loops C1 as sketched in Fig. 1. The trace in (3)
corresponds in the usual way to the closure of the loop.

The transverse separation between the centres of the
loops is given by br. The vectors x7 and y, give the ex-
tensions and orientations of the loops in transverse space.
The path integration correlates these loops and so causes
the interaction. The resulting loop-loop correlation func-
tion has to be integrated over all extensions and orienta-
tions of the loops in transverse space with a measure given
by the meson’s overlap functions wé”l and wfl‘f[Q for which
one has to make a suitable ansatz. In order to obtain the
hadronic amplitude a Fourier transform over the impact
parameter by has to be done finally. In the following we
call (2) the meson-meson amplitude. As discussed in the
introduction, we can use it also to describe meson-baryon
and baryon-baryon scattering treating baryons as colour
dipoles in the quark-diquark picture.

3 Evaluation
of the meson-meson scattering amplitude

In this section we will use the model of the stochastic
vacuum (MSV) to perform the functional integral in (2)
in an approximate way.

First we give a short summary of the relevant proper-
ties of the MSV. For a detailed discussion see [21,22]. The
most important ingredient is a special ansatz for the cor-
relation function of two parallel transported gluon field
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along the curves Cy, and Cj,.
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<HGZV(O’ T1; Cxl)Gpo(Oa Z23 C£2)>

igab ELUpU(I17I250; Czlaor2>- (5)
Here the right-hand side of (5) depends on z7,z2 and
Cy,, Cy,. The reference point o can be freely shifted on
the curve C15 = Cy, +C’I2 where C’m is the oppositely ori-
ented curve Cy,. The correlation function is proportional
to 6% due to colour conservation. Now the MSV makes the
assumption, that F),,,, is independent of the connecting
curve C1o. Then Poincaré and parity invariance require
the correlator to be of the following form (z = x1 — x3)

1
F/ﬂ/po’(z) = ﬂGQ{(gupgya - g;ufgl/p)

x5 D(2%) + (1 — &) D1 (2?)]

(2020 Gpp — 2p%vGpo + ZpZuGve — ZoZuGup)
dD1(22>
X(1—kr)————=}. 6
(1-n) i) (6)
Here G5 is the gluon condensate, D and D; are invariant
functions normalized to D(0) = D;(0) = 1. For space-
like separations they are assumed to fall off rapidly on a
length scale given by the correlation length a ~ 0.3 fm.
The Fourier decomposition of the correlation functions is

given by
< dk .-
D(ZQ) :/ (27r)4e : D<k2)7
< dk
Dy(2) :/ e D) (7)

Fig. 2. The curves C'y and C_ along which the
connectors in W4 are taken. The mantle of the
pyramid with apex at the origin of the coordinate
system and boundary C4(C-) is Py (P-), the ba-
sis surface S4(S-)

227(2m)* i

El(kZ) ~ 3 (8a)2 (k2 —A=2 +ie)3’ (8)

The constant A is given by A = 8a/(37) and & is a param-
eter related to the non-abelian character of the correlator
[21,31].

The Euclidean version of the correlator (5) has been
investigated in lattice QCD [32]. The ansatz (7), (8) gives
a good description of the nonperturbative part of the cor-
relator in comparison to the data from the measurements
in quenched QCD and from a fit one finds the following
ranges for the parameters Ga, a, k [33]:

kGaa® = 0.39 to 0.41,
x = 0.80 to 0.89,
a = 0.33 to 0.37 fm. (9)

From the lattice data one obtains directly the dimension-
less quantities x and kGaa®. Their uncertainty is due to
statistical errors of the lattice data and to variations of the
fit range chosen. The values for a depend also on Ay attice
which introduces some further uncertainty.

It was shown in [22] that x # 0 is crucial for deriving
confinement in the framework of the MSV. As was found
for the total cross sections in [21] and as we will find again
here a value k # 0 is also crucial to describe the exper-
imental data on high energy scattering for do/dt in the
framework of our model.

3.1 A cumulant expansion
of the colour dipole correlation function

Here we calculate the colour dipole correlation function
(WHMWM) . introduced in (2). The strategy is the follow-
ing. We transform the line integrals Wj_” and WM into a
surface integral using the non-abelian Stokes theorem [34].
Following [21] we choose as surface the mantle of the dou-
ble pyramid P = Py + P_ which has C; +C_ as boundary
and o as apex (Fig. 2).
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To give the details, let P. be the pyramid surfaces
excluding the base surfaces S+ and cut from o to A.
Then the boundaries of Py are

8P+ = 0A+ +C+ +A+O,

OP_ =0A_+C_+ A_o. (10)

The methods developed for the non-abelian Stokes theo-
rem as explained in [26] allow us to write the line integrals
of (3) as

(11)

Here V(0Ay), V(Ato) are connectors along the straight
lines from A4 to o and o to A4, respectively. They satisfy

V(OA+)V(A+O) =1

V(0A_)V(A_o) =1 (12)

The matrices V(Py) in (11) are surface-ordered exponen-
tials of field strength tensors G parallel transported to o:

V(Py) =Pexp -y do’“"(ax)ézy(o,x;Cx))\— ,
2 Jp, 2
V(P_) =Pexp —% da””(x)ézy(o,x;Cz))\Q](B)
P_

Inserting (11) in (2,3), using (12) and the cyclicity of the
trace, we get

(W Gbr oW (- Sbroyr)) = (W)

2
= (5[V(C]5[ev(e])
= <%[trV(P+)]%[trV(P_]>G. (14)

The main idea is now to interpret the product of the two
traces (tr) over 3 x 3 matrices in (14) as one trace (Trz)
acting in the 9-dimensional tensor product space carrying
the product of two SU(3) quark representations. Using
the definition of the matrix multiplication in the product
space giving e.g.

NN\l = N\Nel,

AN @1)(1@A) =X 2@\ (15)
and of path ordering we get immediately
1 g
MM\ L _Y
<VV+ w2 >G = 9Tr2<PeXp[ 5
v Aa A®
x/ dot GW(?®1)]
Py
ig U A ¢
xPexp[fE/I{ o Go, (1@ ?)]>G. (16)
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The two exponentials in (16) commute because the two
matrix structures in the exponents do. Introducing a total
shifted field strength tensor G, as

(}'Zy(o,x; Cy)(A ®1) for wzePy
G (0,2;C) (1@ %) for xzeP_

(17)
we can rewrite the two exponentials in (16) as one expo-
nential defined in the direct product space. In this way
we get from (14) a path-ordered integral over the double
pyramid mantle P = P, + P_:

ét,uu(oa € Cx) = {

<Wﬁ4 W1W>G - %Tr2<P exp[—ig/PdJ(x) G’t(x)]>G.

(18)
Here and in the following we supress the Lorentz indices
if there is no confusion. Note that the path orderings on
P, and P_ do not interfere with each other. Thus the
path-ordering on P can for instance be chosen such that
all points of P, are “later” than all points of P_.

For the expectation value of the single surface ordered
exponential (18) we can make a cumulant expansion [35,
26]. In our case we use a matrix cumulant expansion as

explained in (2.41) of [26] (cf. also [36]):

<Pexp[—z‘§ /P do(x) Gt<:c)]>G = exp| i %(—%W

n=1

x/da(xl)~-da(xn)Kn(x1,..,xn)]. (19)

Here the cumulants K,, are functional integrals over prod-
ucts of the non-commuting matrices Gy of (17). Thus one
has to be careful with their ordering. The cumulants up
ton =2 are

Ky (z) = (Gi(0,2;C)) s
KQ(QSMIQ) = <P[ét(07x1; le)ét(ov x2707'2)]>

o (20)

—§(<ét(0azl;cx1)>g<ét(ov x2;C:E2)>G + (1 A 2))

Note that the G't have Lorentz indices and are matrices
in colour space as shown in (17). The functional integral
indicated by ( )¢ in (20) involves only the field strength
components G’fw, thus also the cumulants K7, K, ... still
carry Lorentz and colour indices. The fact that there is
no colour direction preferred in the vacuum requires K
to vanish. Neglecting cumulants higher than n = 2 we get
for (14)

1
<W41rw WE/I>G = §TT2 exp(Cy(xr, Y7, br)),

2
Cataryr.br) = =5 [ dota) [ dotan)

X <P(C¥t(o, 21; Ca, ) Gi(0, 2; ng))>G

(21)

where Cy is a 9 x 9 matrix, invariant under SU(3) colour
rotations.
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Fig. 3. The projection of the pyramid surfaces P+ + S+ into
transverse space. The vectors 7, g and 7, g point from
the origin o along the transverse projections of the pyramid
mantles Py to the projections of the quark and antiquark lines
of C+. 7 and y, point from the antiquark to the quark lines

3.2 Calculation of the second cumulant term
using the MSV

Now we use the MSV with the ansatz (7),(8) for the in-
variant functions D and D; to calculate Co of (21), which
can be split into three contributions:
Cy=Crtry ol ol (22)
In each of C’f+P+ and Cf‘P‘ both z; and x3 move on
the same surface, P, P_, respectively, and so we have to

pay attention to the surface ordering. In 0213 - one point
moves on Py, the other one on P_. In this case it follows
from (17) that the shifted field strengths commute and

o Py P_
the surface ordering is irrelevant for C5 " ~.

Now we show that Cj "+ vanishes. To see this we
follow the argumentation of [26] and transform the two
surface integrals over the pyramid mantle P} in (21) into
surface integrals over Sy and integrals over the volume
V4 enclosed by P, and S;. The integrals over Sy vanish
due to the Lorentz structure of the surface elements do*”
together with the ansatz (6). The integrals over V, are
roughly speaking sums of integrals over surfaces parallel
to S; and so they vanish for the same reason. In a similar

P_P_ .
way we see that C, vanishes.

To calculate C’2P *P~ Wwe use the same method. In this
case neither the integrals over Si nor the ones over Vi
vanish. The integrations in light-like directions can be
done analytically. Using then also the ordinary Gauss the-
orem we find with (5)-(7) that everything reduces to line
integrals over the vectors r4;, 7y (i = ¢, ) running from
the apex o to the position of the quarks and antiquarks in
transverse space (Fig. 3):

A A
CQ(:BTayTvbT) = 7 ® 7(_1) X(:BTayTvbT)a
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G2 ’/T2
o1 {I(rmqa Tyq) + 1(T2g,Tyq)

—1(72q, Tyg) — 1(Tag: Tyq) }v

1 1
I(T‘w,'f‘y) =1 / dUl/ d’UQ
0 0

% /Oo &eikT(Ul Ty — U27Ty)
—oo (2)2

x{mryra,f)(—sz) +(1—k)
<(krry) (krre) Di(~k7) }.

Dy (%) = -2 Dy (2).

X(wTayTa bT) -

(23)

As we can see we finally need the correlator functions
D, D, of (7), (8) for space-like momenta only. This means
that the result (23) involves the correlation functions D(2?2)
and D1(z?) only for spacelike z, where they are as in Eu-
clidean space time. With (8) for the functions D, D; we
get

2

1
[Ty — T2l o lury — 74
X dv ) Ko (

Irary) = {55 22 (ryr)

7y — vy

( A
+(1 - /-@)71'/\4((

)2K2( ‘Ty ;\U’rr| ))

|7y — 7a

A

|7y — 7a

PR e
where K 3 are the modified Bessel functions. Note that x

is a real function.
Inserting (23) in (21) we obtain

1 1
(W (Gbr,@r) W (=5br.yr) )
2 2
1 A\

5 Tz expl(5 @ ) (=) x(@r, ¥, br) .

.=
(25)

To evaluate the trace in (25) we introduce two projectors
P, and P,

1
(Ps)(alotz)(ﬁlﬁz) - 5(5041515&252 + 5u1ﬂ25a251)a

1
(Pa)(alaz)(ﬁlﬁz) = 5(504151 5O¢252 - 50&1[326042[31) (26)
which act in the direct product space of two SU(3) quark
representations projecting onto the subspaces carrying the
irreducible representations. The decomposition is: 3® 3 =
6 @ 3. Using the identity:
A A1 2
Z 9l =-p, — =
2 2 3 3
together with the projector properties of P; and P, and
Tro Ps = 6 and Try P, = 3 we can immediately calcu-
late the trace in (25) and so the colour dipole correlation
function:

Pa, (27)
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Tryexp [(o © 2 ) (=i ¥)]

2 .
- gpa)(iz X)]
:Trg[Psefi%X—l-Paei%X]

a ® ﬁ
2 2
1
= Try exp [(§PS

1 2
=6e '3X 43¢ 3X,

3.3 The meson-meson amplitude
Inserting (28) in (2) and using the Gaussian shaped

mesonic overlap functions from [21] our final result for
the meson-meson scattering amplitude reads

Ty = (2is) (27) / " abb Jo(V/It] b)Tar.ar (b),

0

Tns.na (b) / 2 ! o
= - TT ——5—exp | —
MM Torsy TP\ 285y,
2
2 1 Y7

2 1
X{ 3 cos(sx(xr,yr,br))

3

1 2
+§ COS(EX(GCT,ZITJT))

. 2 .1
‘H{— §51n(§X($TayTabT))

3 3 (29)

L sinColr, o br) ) } -1 }
Here Jj is the zeroth-order Bessel function. Due to (28) we
get from the original matrix valued exponential (21) a sum
of two c-number valued exponentials which we have writ-
ten in terms of trigonometric functions. Different hadrons
are distinguished in (29) only through their strong inter-
action extension parameters Sy which should be of the
order of the electromagnetic hadron radii.
Assuming |x| < 1 and expanding Jysa7(b) in (29) to
the order O(x?) gives the result of [21].

Ty, = (2is) (27) /0 b Jo(TH D) T2 (),

(x(zr,y7,b7))%, (x| < 1). (30)

But the integral Jys a7 (b) in (29) is dominated by a region
in @7,y where |x| < 1 only for larger values of b, say b >
4 a (see Sect. 4). So using (30) Jar,ar(b) can be calculated

reliably only for larger values of b. Nevertheless with (30)
the total cross section and the slope parameter at ¢t =
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0, where one needs only the first and third moments of
Jarar(b), were calculated in [21] in a satisfactory way.

Coming back to our expression (29) for the elastic
scattering amplitude we show next that this amplitude
is purely imaginary. Since y is real, any real part of (29)
would have to come from the sine-terms. Now the over-
lap functions in (29) are invariant under the replacements:
7 — —xp and Yy, — —Yr, respectively, but

x(=z7,yr,br) = x(z1, Y71, b1)

= —x(zr,yr, br). (31)

This is easily seen from (23) since &7 — —xr means the
replacement 7, < ry5 and y; — —y; the replacement
Tyq <> Tyg. Thus integrating over 7 and y; averages out
the real part in (29) and we get

Ty = (2is) (27) /0 " dvb Jo(\/t]0) Jar.ar (b),

2 1
x| 5 cos(Gx(@r.yp.br))

L cosCr(@r.ypbr)) ~1]. (32)

3 3
As a consequence our meson-meson amplitude is invariant
under the replacement of one hadron by its antihadron.
The exchange of all partons by their antipartons for a
given parton configuration turns around the loop direc-
tion. This results in a change of sign of x and so does
not affect the amplitude (32). In our approximations, we
get only charge conjugation C' = +1 (pomeron) exchange
and no C' = —1 (odderon) exchange contributions to the
amplitude. A real part of the amplitude and C' = —1 ex-
change contributions could arise from higher cumulants in
(19).

We discuss now the constraints on the elastic ampli-
tude implied by the partial wave unitarity (see for instance
[37]). The partial wave expansion for the T' matrix element
for spin-zero mesons reads

T(s,t) = 8;7\/5 > @1+ 1)P(cosD)a(s),  (33)
=0

cm

1 .
ai(s) = Z(emlm - 1),

0<m<1. (34)
Here P, are the Legendre polynomials, P,.,, is the c.m.
momentum, ¥ the c.m. scattering angle, and J;,7; are the
phase shifts and inelasticities, respectively.

At high energies we get from (33) with b = (21+1)//s:

T(s,t) = 8ms /0 h dbbJo (by/|t])au(s). (35)
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B B Fig. 4. Differential elastic cross
-010 1L -clo 1L sections for c.m. energies /s =
23,63, 546 and 1800 GeV. This cor-
10 27 10 27 responds to proton extension pa-
af af rameters S, = 0.87, 0.93, 1.07 and
10 ¢ 10 ¢ 1.17 fm. The data at /s = 23 and
4l af 63 GeV are from the ISR experi-
10 ¢ 10 ¢ ments [5]. The pp scattering data
sE L 5F L at /s = 546 GeV are from [6] and
10, 1 2 105 1 2 the data at /s = 1800 GeV from
It/ GeV? It/ GeV?  [7]
Comparison with (32) gives extension parameter Sy, = Sug, = Sp. The vacuum pa-
. ' rameters are surely energy and process independent, the
Jarar(b) = [_62151 m+ 1]’ ) (36) extension parameter S, will be allowed to vary with en-
24+1=b+/5 . . .
ergy. The numerical calculations using (32) are too lengthy
Thus, the partial wave unitarity requires to attempt a “best fit” of these parameters from the data.
R We adopted the following procedure instead. In the SVM
[Jarar(b) — 1] <1 (37) with the ansatz (7,8) for the functions D, D; the string

and this is always satisfied for our amplitude (32) since x
is real and the overlap functions are normalised to one.

4 Proton-proton and proton-antiproton
scattering in the quark-diquark picture

A lot of experimental data is available for elastic differ-
ential cross sections of proton-proton (pp) scattering up
to v/s = 63 GeV and proton-antiproton (pp) scattering
up to Tevatron energies of /s = 1800 GeV [5-7]. In this
section we will compare the high energy data in the range
Vs > 23 GeV to the results of our calculations making
the assumption that the proton has a quark-diquark struc-
ture. Thus we can use the formulae for the meson-meson
amplitude as presented in Sect. 3.

Our starting point is (32) depending on 4 parameters:
the QCD vacuum parameters Gy, k and a and the proton

tension p is given by

7T3I<LG2 &
= dZ*D(-2?
p= Tt | aznez

327kGaa®
81 '

(38)

Typical values for p extracted from phenomenology (cf.
e.g. [38]) are p = (420 + 20 MeV)?. In the following we
will express G5 through p and a using (38). From previ-
ous work [21,28] and the lattice measurements discussed
in Sect. 3 we expect for the correlation length 0.30 fm
S a S 0.37 fm, for k &~ 0.75 and for the proton extension
parameter at /s = 23 GeV S, ~ 0.86 fm corresponding
to the electromagnetic proton radius. Now we considered
again /s = 23 GeV and started our numerical investiga-
tions using (32), varying the parameters p, a, x, S, around
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e Calc. values
g0l — 50.384 ()7

o7 / (mb)
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(0 i A R B R B B
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1.2 1.4
S,/ fm
Fig. 5. The total cross section or versus Sp. The solid points

are the calculated values, the curve corresponds to the power
law fit (47)

the values indicated above. We calculated
do 1 1
— = — —|Tsul? 39
it~ 16m 52 1] (39)
and the total cross section, using the optical theorem which
reads for s > mi:

or(pp) = TTm(T) (10)
and compared to experiment. The experimental data on
the total pp and pp cross sections is very well described by
the DL fit [2], [1]. We are only interested in the pomeron
exchange part here. Therefore we take as “experimental”
input the pomeron part of or(pp) in the DL parametriza-

tion [2]:
0.0808
—21.7 (‘92> mb.
exp GeV

We imposed as constraint that our amplitude reproduced
(41) exactly at /s = 23 GeV.

With this procedure we found quite a satisfactory de-
scription of the data for do/dt as shown in Fig. 4 for the
following values of our parameters:

or(pp) (41)

p = (435 MeV)?, (42)
a = 0.32 fm, (43)
r=0.74, (44)
(45)

S,(s = (23 GeV)?) = 0.87 fm. 45

From (38), (42), (43) we get

Gy = (529 MeV)*,

kGaa® = 0.40. (46)
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Fig. 6. Differential elastic cross sections for /s = 23 GeV
calculated for the values of G2 = (529MeV)*, a = 0.32 fm
and S, = 0.87 fm using as integrand of the amplitude (32)
[cos( 2 x) — 1] (solid line) and 2[cos( 5 x) — 1] (dashed line),
respectively

Varying the parameters away from the values (42-45) did
not lead to improvements. Also, the values (42-45) are well
within the range obtained in [21,28] and quite compatible
with the lattice results (9). In the following we will thus
fix the vacuum parameters p, a,  to their values (42-44).

Now we consider o1 and do/dt at higher energies /s,
where we have then only one free parameter S, (s) left. We
fix Sp(s) again by requiring that our model reproduces
the experimental value for the pomeron part of or(pp)
according to (41).

On the other hand we follow [21], [27] and fit our cal-
culated values of o (pp) from (32), (40) as shown in Fig. 5
to a power of S,. We get a good description in the range
2.5a <5, <4.0a corresponding to 0.8 fm < 5, < 1.28 fm

with g\ 2366
or(S,)| =50.384 (é’l) mb. (47)
Equating (41) to (47) we get S, as function of s:
o 0084
S,(s) = 0.700 <GeV2> fm. (48)

This leads to S, = 0.86, 0.87, 0.93, 1.07 and 1.17 fm
for /s = 20, 23, 63, 546 and 1800 GeV, respectively. For
comparison, the charge radius of the proton as determined
from Lamb-shift measurements [39] is r, = 0.894+0.014fm.
Now everything is fixed and we can compute the elas-
tic scattering amplitude and op from (32). In Fig. 4 we
present our results. A first observation is that for all ener-
gies the calculated differential distributions follow the ex-
perimental data quite well over many orders of magnitude.
The fact that this is true up to /s = 1800 GeV supports
the description of the s-dependence by a s-dependent ex-
tension parameter Sy (s).
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Fig. 7. Prediction of the differential elastic cross section for
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For small [t| ~ 0.25 GeV? we get a change of slope
(Fig. 6). Splitting the integrand of (32) into two contribu-
tions

; cos(éx) + é cos(%x) -1
- % [cos( ; X) — 1] - ; [COS( 2X) — 1] (49)

we find that for [t| <0.25 GeV? the first term dominates
and for |t| 2 0.25 GeV? the second one dominates. Such
a change of slope is indeed reported by experiments [40].

For all energies the imaginary part of our amplitude
changes sign at some ¢ < 0. Due to the absence of a real
part in (32) the calculated differential cross sections have
a zero there. This causes an infinitely deep dip in our t-
distributions. We expect this dip to be at least partly filled
up once we change to more general quark configurations
and include higher cumulant terms. The point at which
the zero occurs in our calculation moves to smaller values
of |[t| with increasing energy and is always in the region
where experiments see a marked structure: At lower ener-
gies there is a dip in pp, and a shoulder in pp scattering,
respectively. At the highest energies only pp data is avail-
able and one finds a shoulder. Thus our model produces
structure in the t¢-distributions at the right place. But we
should insert the warning that these dips occur at |t| ~ 1
GeV? where one would expect also perturbative effects to
play a significant role. (cf. [41],[42]).

Of course, our model does not give a perfect fit to the
data. At all energies our calculated curves are somewhat
too steep at very small |t|. Our amplitude is purely imag-
inary and thus does not satisfy the relation between the
phase and the s-dependence required by analyticity and
Regge theory [3]. Also our do/dt is the same for pp and pp
scattering, whereas experimentally these differ markedly
in the dip region. This was nicely explained theoretically
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in [42] as an interference of single and double pomeron
and three-gluon exchange. We will have to see if higher
cumulant terms and/or a departure from the strict quark-
diquark picture of the proton will lead us to an improve-
ment on these points in our model.

In Fig. 7 we show our prediction for do/dt in pp scat-
tering at /s = 14 TeV corresponding to the LHC energy.
The total cross section is again assumed to be given by the
DL parameterisation (41). This was used as constraint to
fix the extension parameter S, according to Fig. 5 with
the result

Sp(s = (14 TeV)?) = 1.34fm. (50)
But the shape of do/dt is a prediction of our model and
we are looking forward to the corresponding experimental
data.

We will show next that our results for do/dt depend
crucially on the string tension p # 0, i.e. on the confine-
ment features of QCD. For this we plot in Fig. 8 do/dt
for v/s = 23 GeV calculated for the same values of Gy =
(529MeV)*, a = 0.32 fm and S, = 0.87 fm, but for dif-
ferent values of k. For the purely non-abelian case k = 1
the fall of do/dt is too steep, for the purely abelian, the
non-confining case x = 0, the fall is much too slow with in-
creasing |t|. The correct fall and dip position is obtained
for k = 0.74, but £ = 0.80 to 0.85 also give acceptable
descriptions of the data. These values for x are quite com-
patible with those determined from the lattice calculations
(9).

To explain this behaviour of do/dt as function of x
we plot the profile function jM, M (b) multiplied with b
for k = 0 and k = 1 versus b in Fig. 9. As we can see,
the two curves differ noticeably. For k = 1 we get a single
maximum whereas for kK = 0 we get two maxima. This can
be understood by looking at the dependence of x on b for
fixed transverse vectors 7 and y, in the two cases. As we
see from (23) y is a sum of four terms (replace here g by the
diquark ¢q) corresponding to ¢—gq, ¢—qq etc. interactions.
For k = 0 the function I(r;,r,) in (24) depends only on
the difference r, — 7, of the parton positions, but for x =
1 I(ry,7y) gets contributions from all “strings” spanned
between o and the ¢’s and gq’s positions ( Fig. 10).

We get large contributions to I if the arguments of
the Bessel functions K» 3 in (24) are small. For k = 0
this means that the partons (g,gq) have to be close in
transverse space, but for k = 1 it is only required that
one parton be close to the string of the other parton.
To see the consequences of this, we take as an example
|er| = |yr| =4a and 7, yp, by nearly parallel to each
other (Fig. 10). For k = 1 we have the following situation.
For small and medium values of b the terms I correspond-
ing to the ¢, — ¢, and gg, — qg, interaction dominate in
the sum for x in (23). These functions I decrease with in-
creasing b nearly monotonously corresponding to g, mov-
ing away from the string o — ¢, and qg, away from the
string of 0 — qg... But the interactions of ¢, with the string
0 — ¢, and gg, with the string o — ¢g, remain dominant.
Compared to them the term I from the gg, — ¢, interac-
tion which enters with negative sign in (23) stays smaller
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Fig. 8. The variation of the differential
elastic cross section calculated for the
same values of G2 = (529MeV)*, a =
0.32 fm and S, = 0.87 fm; a for k =
0.74 (solid line), k = 1 (dashed line)
and k = 0 (dash-dotted line); b for
Kk = 0.74 (solid line), xk = 0.90 (dash-
dotted line), k = 0.80 (dashed line) and
k = 0.60 (dotted line) together with
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in the cases k = 1 (solid line) and x = 0 (dashed line)

and also the function x decreases nearly monotonously
with increasing b. In summary: for x = 1 the function y is
sizable and practically always of the same sign as long as
partons are close to strings of other partons, i.e. as long
as the projections of the two loops overlap. This picture,
smeared out due to the integrations over the transverse
vectors, is reflected in the shape of bJAM,M (b) for k = 1.
For k = 0 the function y has a maximum at b = 0,
where the quarks and the diquarks of the two protons are
closest to each other in transverse space. Then x decreases
rapidly for increasing b on a scale given by the correlation
length a, passes zero at some value by and approaches a
minimum. The latter corresponds to the situation where
the quark of one proton is very close to the diquark of the
other proton. Since there are no strings in this case all
interactions except the one between ¢g, and g, are then
negligeable and the latter enters with opposite sign to the
gz, qy and qqs,qq, interaction in (23). For b increasing
further the transverse distances between all partons of the

the experimental data (solid points) at
Vs =23 GeV

1 15 - 2‘
t| / GeV?

dipoles increase and x goes to zero. At by the expression
in square brackets in (32) vanishes. Thus we expect — after
smearing out through the integrations — to see a minimum
in b.Jyar(b) around by and this is indeed seen in Fig. 9.
Thus, through this sign change of x we understand the
two maxima in the shape of b.J .1 (b) for k = 0, and also
that for x = 0 the first maximum in bJ s (b) occurs for a
smaller value of b than for k = 1. After the Fourier-Bessel
transformation in (32) this translates immediately in the
slower decrease of do/dt for kK = 0 compared to k = 1.
The dip in do/dt is generated by a cancellation of positive
and negative contributions from b.Jasas(b)Jo(bay/]t]). For

k =1 and k = 0.74 the function bJyspr(b) is “smooth”
and the oscillating Bessel function brings the integral (32)
“easily” to zero for some |t|. For k = 0 the “oscillation” of
bJai (b) together with the oscillation of Jy(bay/Jt]) can
produce a dip only at much higher |¢|. From this point of
view the structure of the pp scattering amplitude gives us
direct information that a string formation between quarks
in QCD is essential also here.

We can now also understand how the shrinkage of
our calculated differential cross sections (see Fig. 4) for
increasing c.m. energies is caused: We found above for
k = 0.74 that the shape of do/dt is controlled by string
scattering. We assumed S}, to increase with s which means
increasing lengths of the strings and thus still overlap for
larger values of the impact parameter b. This in turn trans-
lates into steeper forward peaks of the scattering ampli-
tude and so into steeper elastic differential cross sections
at higher energies.

In Fig. 11 we compare our profile function jMM(b)
from (32) with the corresponding one, J](V%w(b) of (30),
where only the term of order x? is kept. We see from
Fig. 10 that this can only be a good approximation for
larger values of b and indeed, the two functions Jas; and
jj(é)M are quite similar for b & 2a¢ = 0.64 fm, but are
rather different for b < 2a = 0.64 fm. But for the to-
tal cross section and the slope parameter at ¢ = 0 which
are obtained from integrals over b i (b) and b3 J M (D)
this does not make much difference. On the other hand
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. b The correlation function x(b) versus b for |zr| = |yr| =4a
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at larger and larger |¢| the integrals with the Bessel func-
tion in (32), (30) probe smaller and smaller vales of b in

0y w(b) and then the differences between Jarar and jj(\i)M
show up clearly.

Finally we note that for all b our profile function
Juar(b) for /s = 23 GeV (Fig. 11a) is quite far away
from the total absorption limit jMM(b) = 1, correspond-
ing to m; = 0 in (36). At all b the protons look grey but
not black. The same is true in our model for all values
of \/s from 23 GeV to 14 TeV. This is shown in Fig. 12
where we plot Jasa7(0) (the maximal value of Jyras (b)) as
function of S, and /s, respectively. The greyness of the
proton at b = 0 increases with S, for S, $1 fm (/s <200

GeV) but more or less saturates for S, 2 1 fm ( /s 2 200
GeV).

5 Meson-meson and meson-baryon scattering

5.1 Meson-meson scattering

Meson-meson scattering is the reaction best suited to ap-
ply our formula (32). Unfortunately there is no data avail-
able for small ¢ elastic meson-meson-scattering at suffi-
ciently large c.m. energies. But the reaction

(51)

7(q1) +7(q2) = Vi(ps) + Va(ps), Vig=p,w, ¢
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is nearly as good to extract mesonic differential cross sec-
tions as a purely mesonic one and it can be studied for
instance at LEP [43] in photon-photon processes (Fig. 13).
Certainly at least part of the reaction (51) is due to the
vector dominance model [44] mechanism: The photons
fluctuate before the collision into vector mesons which
then interact. The hadronic interaction can be calculated
in the way described in Sect. 3. Thus in essence we can
regard the reaction (51) as elastic scattering of vector
mesons. This approximation should be best for quasi real
photons in (51), i.e. for very small virtualities |¢7| and |g3|.

In this spirit we discuss now pp elastic scattering as an
example. In our amplitude (32) we have already fixed the
vacuum parameters p, K and a in Sect. 4, but we still have
to choose the p extension parameter S, and we assume it
to be equal to the 7 extension parameter as determined in
the next section. Indeed, data on p-N total cross sections
from photoproduction on nuclei at low energies [45] show
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Fig. 14. Prediction for the differential elastic cross section of
pp-scattering at /s = 20 GeV using S, = 0.60 fm

or(pN) =~ op(rwN). Thus we assume:

S, =0.60 fm for +/s =20 GeV. (52)
Now everything is fixed and we can calculate do/dt for
p-p scattering.
In Fig. 14 we plot do/dt normalised to 1 at ¢t = 0.
Assuming the vector dominance model and neglecting
contributions from non-diagonal scattering ww — pp etc.,
Fig. 14 also gives the shape of do/dt for vy — pp-scatter-
ing. It would be very interesting to have data for instance

from LEP2 to compare with our ¢-distribution.

5.2 Differential cross sections
for meson-proton scattering

Here we calculate elastic differential cross sections for 7+p
and K *p scattering at /s = 19.5 GeV. This is the largest
energy for which data for these reactions exist.

In our scattering amplitude (32) we have already fixed
the vacuum parameters p, k,a (42-44). We consider the
proton as a quark-diquark system with extension param-
eter S, and use S, = 0.86 fm from (48). To fix the meson
extension parameters we again normalise our total cross
sections to the pomeron parts in the DL parametrisations
of the m*p and K*p total cross sections [2].

O'(Tr:tp) |Pom. = 22.0 mb,

o(K*p)| pom. = 19.1 mb. (53)
This leads to
S = 0.60 fm,
Sk = 0.55 fm. (54)

For comparison the electromagnetic radii are [46]: r, =
0.66 4+ 0.01 fm,rx = 0.58 + 0.04fm. Fig. 15 shows our
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results for the 7¥p and K*p elastic differential cross sec-
tions. As we can see the experimental data are again re-
produced quite well. As in pp scattering the slopes of the
calculated cross sections are somewhat too large for very
small |t|. Furthermore all our t-distributions are slightly
below the experimental data up to |t| ~ 0.5 GeV?2. This
could again be due to the missing real part in the ampli-
tude (32), a problem which might be cured once we go
beyond the second cumulant approximation.

We also note that the c.m. energy /s = 19.5 GeV
considered here is not very high and — in Regge language
— effects of nonleading trajectories are still sizable and
more so for 7~p, K~p than for 7tp, K*p scattering.
Our calculation does not contain any non-leading Regge-
exchanges and thus should agree better with 77p, KTp
than 7~ p, K~ p scattering. This is not incompatible with
the results shown in Fig. 15. Due to the smaller extension
parameters of the mesons our calculated t¢-distributions for
meson-proton scattering are flatter than those for proton-
proton scattering. Also our calculation gives dips only
around [t| ~ 2 GeV? and we would not believe our model
to be reliable at such high |¢|-values.

The squares of the ratios of our extension parameters
of mesons and the proton are

S \? S\ 2 S\ 2
27 ) — 049, (25) =041, (2E) =084,
(Sp) 049, (Sp) 04 <S7r> 0.84. (55)

N
t| / GeV?

The corresponding ratios for the mean squared electro-
magnetic radii are [39,46]

2 2 2
T — 055, K — 042, TK — .17, (56)
Tp Tp Tﬂ'

The ratios (55) follow the trends of (56) but certainly are
not equal to them. It is particularly noteworthy that in
our model the facts that (i) the K¥p total cross sections
are smaller than the 7%p ones and (ii) the ¢ distributions
for K*p flatter than for 7%p are both reproduced quan-
titatively by a smaller extension parameter Sk compared
to Sr. In the additive quark model [4] on the other hand
one has to assume a different cross section for the scatter-
ing of u,d on u,d and u,d on s quarks which is hard to
understand since the gluon interaction is flavour-blind.

6 Conclusion

In this article we have presented calculations of ampli-
tudes for elastic proton-proton, meson-meson, and meson-
proton scattering at high energies and small momentum
transfer. Our model is based on functional integral tech-
niques [19] and an appropriate evaluation of such integrals
in the framework of the stochastic vacuum model [22,21].
In comparison with previous work [21,23,27,28] we have
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now made a cumulant expansion for the correlation func-
tion of two Wegner-Wilson loops instead of an expansion
in terms of the number of field strength correlators. We
found that this latter expansion can only be justified for
medium and large impact parameters, but gives, never-
theless, reasonable results for the total cross section and
the slope parameter at ¢t = 0.

As parameters in our model we have the QCD vacuum
parameters: the gluon condensate Go, the non-abelian pa-
rameter k, and the correlation length a. In addition we
have the s-dependent hadron extension parameters Sy (s).

We fixed the Sy (s) by requiring the total cross sec-
tions to agree with the experimental values. In this way
we found quite a good description of do /dt for pp, pp, 7 p
and Kip scattering for vacuum parameters Ga, K, a or
equivalently the string tension p, x and a as given in (42-
44). These values are close to the corresponding values
obtained from lattice data [32,33], from previous investi-
gations of high energy scattering [21,27,28] and from var-
ious other low energy phenomena (see [31] for a review).
The parameters Sy (s) came out close to the known elec-
tromagnetic radii of the hadrons for energies /s ~ 20 GeV
and were required to increase slowly with s according to
(48).

As in previous work [21,27,28] the fact that op(Kp) is
smaller than or(mp) is related in our model to a smaller
extension parameter Sk compared to S;.

The dip structure in pp scattering around |¢| ~ 1.5
GeV? was seen to depend crucially on the non-abelian
character of the gluon field strength correlator, i.e. on x #
0. This leads to the string formation [22] and the area
law for the Wegner-Wilson loop with static quarks. In our
model these strings play again a crucial role in high energy
scattering in producing the correct t-distributions.

At very small values of |t| our model gives a change
of slope related to the symmetric and antisymmetric com-
binations of the multi-gluon exchange as explained after
(25).

As stated above one of the main ingredients of our
model is a cumulant expansion for the correlation function
of 2 Wegner-Wilson loops which we truncated after the
second cumulant. But we can easily see that the main
features of our model will remain unchanged if the matrix
cumulant expansion (19) converges. Then the complete
sum of cumulants in (19) is a 9 x 9 matrix, invariant under
SU(3) rotations. We will again obtain a decomposition
for it as for Cs in (23) ff. in terms of the projectors P
and P, with invariant functions x; , multiplying them etc.
Of course the detailed shape of these functions will be
different.

Going back to our amplitude (32), we can expand the
cosines in powers of y. Maybe the x2-term — as kept in
the work [21] — could be interpreted as exchange of two
nonperturbative gluons, as single bare pomeron exchange,
the y*-term as exchange of four nonperturbative gluons, as
double pomeron exchange, etc. At the moment, however,
such an identification is purely speculative.

In all this work we have treated baryons as quark-
diquark systems, i.e. we assumed 2 quarks of the 3 valence
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quarks of a baryon to be close together in transverse direc-
tions. This picture is supported e.g. by the investigation of
[29] where it is shown to give an explanation for the appar-
ent absence of odderon couplings of the proton at small
[t|. In future work we plan to investigate meson-baryon
and baryon-baryon scattering treating baryons as 3-quark
systems with arbitrary distances between the quarks. Also
the dependence of the results on the surfaces spanned into
the loops (see Fig. 2) in order to apply the non-abelian
Stokes theorem will be investigated.

To summarise: We have presented a model where the
t-distributions of elastic hadron-hadron scattering are re-
lated quantitatively to the parameters of the vacuum in
nonperturbative QCD. The total cross sections which rise
with energy were used to fix the energy-dependent effec-
tive strong interaction extension parameters of the had-
rons. A theoretical calculation of these extension parame-
ters remains a challenge.
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